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Often in bacterial regulatory networks, small non-coding RNAs (sRNA) interact with several
mRNA species. The competition among mRNAs for binding to the common pool of sRNA might
lead to an effective interaction (cross-talk) between the mRNAs. This is similar to the competing
endogenous RNA (ceRNA) effect wherein the competition to bind to the same pool of micro-RNA in
Eukaryotes leads to micro-RNA mediated cross-talk resulting in subtle and complex gene regulation
with stabilised gene expression. Here, we study an sRNA-driven feed-forward loop (sFFL) where the
top-tier regulator, an sRNA, binds with two species of mRNA for their translational up-regulation.
In general, in a feed-forward loop, the top-tier regulator regulates the target protein synthesis
through two path ways; while one involves a direct regulation of the target protein, the other
involves an indirect regulation via up- or down-regulation of an intermediate regulator of the target
protein. In the present sFFL, an sRNA (RprA) translationally activates the target protein (RicI)
directly and also, indirectly, via up-regulation of its transcriptional activator (σs). We show that
the sRNA-mediated cross-talk between the two mRNA species leads to maximum target protein
synthesis for low synthesis rates of σs-mRNA. This indicates the possibility of an optimal target
protein synthesis with an efficient utilisation of σs-mRNA which is typically associated with various
other stress response activities inside the cell. Since gene expression is inherently stochastic due
to the probabilistic nature of various molecular interactions associated with it, we next quantify
the fluctuations in the target protein level using generating function based approach and stochastic
simulations. The coefficient of variation that provides a measure of fluctuations in the concentration
shows a minimum under conditions that also correspond to optimal target protein synthesis. This
prompts us to conclude that, in sFFL, the cross-talk leads to optimal target protein synthesis with
minimal noise and an efficient utilisation of σs-mRNA.
I. INTRODUCTION
The gene expression is a complex process involving,
for example, a number of genes, proteins and regula-
tory RNAs of different kinds. Different types of molecu-
lar mechanism at transcriptional and post-transcriptional
levels regulate the gene expression process to ensure that
the proteins are synthesized to the desired level with the
required efficiency. Among various regulatory molecules,
small noncoding RNAs (sRNAs) have drawn significant
attention in the recent past for their diverse regulatory
properties [1, 2]. sRNAs are approximately 50− 300 nu-
cleotides long and they often regulate the protein syn-
thesis by base-pairing with the target mRNAs leading
to mRNA degradation or translational inhibition [2, 3].
Although sRNA mediated interactions are found to be
mostly repressing in nature, there are recent reports
of activating interactions by sRNAs where sRNAs en-
hance the stability of mRNAs by sequestering the RNase
E recognition site or facilitate translation initiation by
opening the sequestered ribosome binding site of the sec-
ondary structure mRNAs [3, 4]. Since sRNAs do not code
for proteins, it is generally believed that sRNAs lead to
fast and energy-efficient gene regulation.
A number of interesting properties are found in the
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case of sRNA mediated gene regulation. For instance, in
the case of only sRNA mediated regulation, the target
protein concentration shows a threshold linear response
[5]. In the case of combined transcriptional and trans-
lational regulation by proteins and sRNAs, respectively,
one, however, finds both monostable (with threshold lin-
ear response) and bistable regions in the target protein
concentration [6]. In addition, sRNAs (or micro-RNAs
(miRNA) in case of Eukaryotes) also have the ability
to filter gene expression noise; a property that might
be particularly beneficial for reliable functioning of the
cell. The gene expression is inherently stochastic due
to the probabilistic nature of various molecular interac-
tions associated with gene expression [7, 8]. The stochas-
ticity leads to random fluctuations in the protein levels
although it is known that many biological functions of
the cell require fine-tuning of necessary protein levels. In
this regard, it has been found that sRNA mediated re-
pression of gene expression leads to reduced fluctuations
in the protein level as compared to transcription factor
mediated repression [5]. Further, optimal noise buffering
has also been seen in more complex genetic circuits such
as incoherent sRNA mediated feed-forward loops (FFL)
[9, 10], sRNA-driven feed-forward loop [11] etc., where
dual strategies i.e. regulation at both transcriptional and
translational levels are employed.
Recent studies have revealed a particularly subtle and
complex strategy of miRNA mediated gene regulation
wherein a given species of miRNA interacts with a num-
ber of different mRNA targets [12–16]. The primary goal
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2of such miRNA-mRNA network is to give rise to reg-
ulation through competition in which different mRNA
targets compete for binding to the same miRNA species
(also known as competing endogenous RNA or ceRNA
effect). In other words, the miRNAs may function as a
channel through which the change in concentration level
in one type of target mRNA can be conveyed to another.
It has been shown that such indirect miRNA mediated
cross-talk may outperform direct regulation under cer-
tain circumstances [15]. Additionally, it has been found
that such miRNA mediated cross-talk between mRNAs
results in a broad impact on the protein level such as
enhancing the stability of highly expressed proteins, al-
tering the correlation patterns of coregulated interacting
proteins apart from, in general, fine-tuning the protein
levels [16].
In the present paper, our attention is on a network
motif where the sRNA mediated cross-talk between mR-
NAs seems to play an important role in regulating the
target protein synthesis. Network motifs are specific sub-
networks that have frequent recurrences in large regula-
tory networks as some of their major building blocks [17].
Such motifs usually have distinct functionalities and it is
believed that such motifs are chosen evolutionarily due to
distinct advantages they provide to the cell. The network
motif of our interest is a feed-forward loop (FFL) which is
driven by an sRNA (see figure 1(a)) unlike the commonly
found FFLs driven by transcription factors [18].
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FIG. 1: (a) An sRNA-driven coherent feed-forward loop (sFFL) found in the Salmonella enterica. The top-tier
regulator is an sRNA, RprA, which leads to translational up-regulation of two proteins i.e., σs and RicI. (b) A
diagram with the details of all the processes such as synthesis, degradation of all the components as well as the
complex formation between sRNA and mRNAs. c1 and c2 denote the complexes RprA-σs mRNA and RprA-RicI
mRNA, respectively.
We refer to this sRNA-driven FFL as sFFL in the follow-
ing. In general, the top-tier regulator in FFL drives the
target protein synthesis along two pathways; one path-
way involves a direct regulation of the target protein syn-
thesis and the other involves an indirect regulation via
up- or down-regulation of an intermediate regulator of
the target protein. For a purely transcriptional FFL, all
the interactions are at the transcription level and the top-
tier as well as the intermediate regulators are transcrip-
tion factors. The sFFL introduced here is different from
another kind of transcription factor driven FFLs which
involve sRNA as an intermediate regulator of the target
protein [10, 19, 20]. The feature that remains common
in all these FFLs is that the top-tier regulator regulates
expression of two distinct genes. In the case of sFFL, an
sRNA being the top-tier regulator, regulates the transla-
tional activities of two different mRNAs along two reg-
ulatory pathways of FFL and thus gives rise to distinct
regulatory features through sRNA induced cross-talk be-
tween mRNAs.
The existence of such sFFL has been found experimen-
tally very recently in the context of stress response of
Salmonella enterica subjected to stress due to a bacteri-
cidal agent, bile salt [18]. In this sFFL, an sRNA, RprA,
activates the synthesis of the target protein, RicI, directly
through translational activation of RicI mRNA and in-
3TABLE I: Mathematical notations for concentrations of
various components of sFFL
Notations Biological sFFL
s (sRNA) RprA sRNA
m1 (mRNA1) σs-mRNA
c1 (complex-1) RprA-σs-mRNA complex
p1 (protein-1 ) σs protein
m2 (mRNA2 ) RicI-mRNA
c2 (complex-2) RprA-RicI-mRNA complex
p2 (protein-2) RicI protein
directly via translational activation in the synthesis of
the alternative sigma-factor, σs, which transcriptionally
activates RicI gene (see figure 1(a) and 1(b)). By base-
pairing with the σs mRNA, RprA opens up the transla-
tion inhibitory loop in the 5′ untranslated region (UTR)
of σs-mRNA and facilitates ribosome binding to initiate
translation leading to the synthesis of σs protein [21].
σs protein being a transcriptional activator of RicI gene
leads to an enhanced synthesis of RicI-mRNA which are,
then, translationally activated by sRNA, RprA, result-
ing in an up-regulation in RicI protein synthesis. Here
again, RprA facilitates ribosome binding by opening up
the translation inhibitory loop of RicI-mRNA. Such an
FFL with activating regulation along both the paths is
known as coherent FFL while an FFL involving opposing
kind of regulation along the two paths is known as inco-
herent FFL. An up-regulation of RicI protein happens
in response to the membrane damaging activity of the
bile salt. As a response to the stress, the bacterial cell
prefers to shut down the energy-expensive processes asso-
ciated with horizontal gene transfer although horizontal
gene transfer plays a significant role in bacteria’s survival
under normal conditions. By interfering with the forma-
tion of the pilus that is necessary for bacterial conjuga-
tion during horizontal gene transfer, RicI protein down-
regulates the process of horizontal gene transfer and pro-
tects the bacteria from additional energy loss associated
with this process [18]. For the rest of the paper, we fol-
low general notations for various regulatory molecules as
listed in table I.
The miRNAmediated cross-talk between different mR-
NAs is a subject of extensive investigations currently.
Some of the earlier studies were based on simplified mod-
els involving different species of mRNA molecules that
were co-repressed by a single miRNA species [13]. The
effect of miRNA mediated cross-talk on the protein prod-
ucts of these mRNA targets and on the protein-protein
interaction were also studied later starting with this basic
framework [16]. In view of the earlier studies, sFFL con-
sidered here is somewhat special for the following reasons.
Instead of sRNA mediated repression, which is the most
common form of regulation by sRNAs, here the sRNA
leads to translational activation of two different mRNAs.
Further, the FFL not only involves sRNA mediated inter-
actions between the mRNAs, but it also involves a direct
interaction between the mRNAs. The latter is due to
the fact that an up-regulation of one species of mRNA
(m1 i.e. σs-mRNA) gives rise to enhanced transcription
of the other species of mRNA (m2 i.e. RicI-mRNA) via
up-regulation of the protein product of m1 (i.e. σs pro-
tein) [18]. Thus, the sFFL provides a unique platform to
study how the combined effect of sRNA mediated cross-
talk and a direct interaction between the mRNAs influ-
ence the target protein regulation.
Using various tools of mathematical modelling, we
quantify the effect of sRNA mediated cross-talk on the
target protein concentration. The cross-talk is seen by
studying how the concentration of mRNA2 (m2) and
sRNA (s) change as the synthesis rate of mRNA1 (m1)
is changed. Following the table, we refer the mRNAs as
well as their concentrations as m1 and m2. The same
convention is followed for the two species of proteins. As
the concentration of m1 increases, there is a reduction
in the free sRNA concentration since m1 molecules tend
to form complexes with available free sRNAs and this,
consequently, leads to an increase in the concentration of
free m2 molecules since sRNAs are largely bound to m1.
Interestingly, the change in the concentrations shows a
sensitive (or susceptible) region over a narrow range of
m1 synthesis rate (rm1) where, with a small increase in
rm1 , there is an abrupt change in various concentrations.
The major findings of this study are as follows. (1) The
sRNA mediated cross-talk leads to an initial increase in
the target protein concentration with the synthesis rate,
rm1 . With further increase in rm1 , the target protein con-
centration reaches a peak and then undergoes a sharp
decrease. Hence, it appears that the network motif is
designed to perform most efficiently when the supply of
m1 (i.e. σs-mRNA for this sFFL) is low. Since σs is a
key stress response regulator responsible for various other
regulatory activities, this might be an efficient method
for maximum utilisation of available σs-mRNA. (2) The
sRNA mediated cross-talk plays a more important role in
regulating the target protein concentration compared to
the direct interaction between m1 and m2. (3) We show
that the range of rm1 over which the maximum synthesis
of the target protein takes place also corresponds to the
range where the noise in the target protein concentration
is minimal. This result is further supported by stochas-
tic simulations based on Gillespie algorithm. Overall, the
present work suggests that the sRNA mediated cross-talk
not only ensures maximum target protein synthesis with
an efficient use of σs-mRNA, it also contributes to maxi-
mal noise attenuation in the target protein concentration
during its synthesis.
4II. RESULTS
A. Model and steady-state results
In the following, we present a model for the sFFL
describing how the concentrations of various regulatory
components change with time. The equations that we
use for our calculations are
s˙ = rs − γss− k+1 s m1 − k+2 s m2 +
(k−1 + κ1)c1 + (k
−
2 + κ2)c2, (1)
m˙1 = rm1 − γm1m1 − k+1 s m1 + k−1 c1, (2)
c˙1 = k
+
1 s m1 − (k−1 + σ1 + κ1)c1, (3)
p˙1 = rp1c1 − γp1p1, (4)
m˙2 =
rm2kc p1
1 + kcp1
− γm2m2 − k+2 s m2 + k−2 c2, (5)
c˙2 = k
+
2 s m2 − (k−2 + σ2 + κ2)c2, (6)
p˙2 = rp2c2 − γp2p2, (7)
where, in general, x˙ = ddtx. Here, we have used gen-
eral notations for various concentrations as listed in table
I. The rate parameters r and γ represent synthesis and
degradation rates in general. c1 and c2 represent sRNA-
mRNA complexes of two different kinds. k+ and k− rep-
resent the association and dissociation rates of these com-
plexes. κ and σ represent catalytic and stoichiometric
degradation rates of the complexes, respectively. While
sRNAs are reused upon catalytic degradation, in the case
of stoichiometric degradation the complex is degraded
completely.
In the steady-state, the solutions for m1, m2 and s are
m1 = m
∗
1F1(s), m2 =
m∗2 kca sF1(s)F2(s)
1 + kc a sF1(s)
, where (8)
F1(s) =
1
1 + s/s01
with s01 =
γm1
k+1
k−1 + σ1 + κ1
σ1 + κ1
, (9)
F2(s) =
1
1 + s/s02
with s02 =
γm2
k+2
k−2 + σ2 + κ2
σ2 + κ2
, (10)
m∗1 =
rm1
γm1
, m∗2 =
rm2
γm2
, a =
rp1
γp1
k+1 m
∗
1
(k−1 + σ1 + κ1)
. (11)
The steady-state concentration of sRNA can be found
upon solving the following algebraic equation for s
rs − γss− rm1 ζ1 s F1(s)− rm2 ζ2
kca s
2F1(s)F2(s)
1 + kcasF1(s)
= 0,
(12)
with ζ1 =
k+1 σ1
γm1(k
−
1 + σ1 + κ1)
, ζ2 =
k+2 σ2
γm2(k
−
2 + σ2 + κ2)
.
(13)
Figure 2 shows how sRNA and mRNA concentrations
change as rm1 , the transcription rate of m1, is changed.
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FIG. 2: Changes in various concentrations with rm1 .
The parameter values used for these plots are:
rs = rm2 = 1, k
+
1 = k
+
2 = 0.1, k
−
1 = k
−
2 = 0.05,
σ1 = σ2 = κ1 = κ2 = 0.01 and kc = 0.1. Degradation
rates of sRNA, mRNA m1 and m2, proteins p1 and p2
are 0.001 and the synthesis rates of p1 and p2 are 0.01.
The presence of sRNA induced effective interaction be-
tween m1 and m2 is apparent here since a change in the
transcription rate of m1 affects the equilibrium concen-
trations of the sRNA and m2. Intuitively, as the concen-
tration of m1 increases, these mRNAs bind the sRNAs
causing a reduction in the concentration of free sRNAs
and, as a consequence, an increase in the concentration
of free m2. Interestingly, figure 2 shows that, over a nar-
row range of rm1 , there exists a sensitive region where
the concentrations of s, m1 and m2 change sharply as
rm1 is changed. We shall show in the following that over
this region, the sFFL attenuates the fluctuations (noise)
in the target protein concentration maximally. In sFFL,
there is a direct interaction between mRNAs, m1, and
m2, since the protein product of m1 is a transcriptional
activator of p2. The change in the concentration of m2
with rm1 is, thus, expected. However, as we show below,
a large contribution in the increase of m2 concentration
comes from the sRNA induced cross-talk between mR-
NAs.
B. Response functions
In order to quantify the interactions among various
regulatory molecules, we introduce the following response
functions
χij =
∂mi
∂rmj
, where i, j = 1, 2 with i 6= j (14)
χsi =
∂s
∂rmi
, where i = 1, 2. (15)
Here χij represents the response in terms of a change in
the concentration of a specific kind of mRNA (m1 or m2)
5as the transcription rate of the other mRNA is changed.
In similar way, χsi represents the change in sRNA con-
centration as the transcription rates of the ith mRNA,
i.e. rm1 or rm2 is changed.
Using (8) and (12) we find the response functions as
χ12 = m
∗
1F
′
1 χs2, χ21 =
m∗2 kca
(1 + kcasF1)
2
{
χs1
[
F1 F2 + s(F
′
1F2 + F1F
′
2) + kc a s
2 F 21 F
′
2
]
+
sF2F1
rm1
}
with (16)
χs1 =
− ζ1 s F1 − ζ2 rm2kc a s2 F2 F1
[
rm1(1 + kc a sF1)
2
]−1
γs + rm1ζ1[F1 + s F
′
1] +
rm2ζ2 kca s
(1+kc a sF1)2
[2F1 F2 + s(F ′1F2 + F1F
′
2) + kc a sF
2
1 (F2 + sF
′
2)]
and (17)
χs2 =
−ζ2 kca s2 F2 F1 [(1 + kc a sF1)]−1
γs + rm1ζ1[F1 + s F
′
1] +
rm2ζ2 kca s
(1+kc a sF1)
2 [2F1 F2 + s(F ′1F2 + F1F
′
2) + kc a sF
2
1 (F2 + sF
′
2)]
. (18)
where F ′1 =
∂
∂sF1 and F
′
2 =
∂
∂sF2. The response in
the sRNA concentration is always negative ( ∂s∂rm1 < 0,
∂s
∂rm2
< 0 ) indicating that the concentration of free
sRNA decreases with enhanced synthesis of mRNAs, m1
andm2. Such reduction in free sRNA happens due to the
sRNA-mRNA complex formation. The response function
χ21 has two parts. The first term indicates a change in
m2 as a result of the change in free sRNA concentration.
This happens due to an enhanced sRNA-mRNA1 com-
plex (c1) formation as the transcription rate of mRNAm1
is increased. This indirect influence of the transcription
rate ofm1 onm2 concentration via sRNA is a signature of
sRNA induced cross-talk between the mRNAs. The sec-
ond term in the equation for χ21 ( see equation 16) origi-
nates from the direct interaction between m1 and m2 be-
cause of the transcriptional activation of m2 by the pro-
tein product of m1. From the equation for χ12 it is clear
that the synthesis rate of m2 affects the concentration
of m1 only through an indirect interaction mediated by
sRNA. Further, as observed earlier [13], in the absence of
stoichiometric complex decay (i.e. for σ1 = σ2 = 0), the
indirect interaction term disappears since, in this case,
∂s
∂rm1
= 0 and ∂s∂rm2 = 0. The response functions can
be compared with sRNA-driven cascade network (sCN)
where sRNA post-transcriptionally up-regulates p1 syn-
thesis and p1 transcriptionally up-regulates p2 synthesis.
(see appendix A for details). Thus unlike sFFL, in sCN,
there is no competition for sRNA sharing. Consequently,
the response functions, in this case, are (see appendix A
for details)
χ12 = 0, χ21 =
kcm
∗
2 a
(1 + kcasF1)
2
{
χs1 [F1 + sF
′
1] +
sF1
rm1
}
(19)
with χs1 =
− ζ1 s F1
γs + rm1ζ1[F1 + s F
′
1]
and χs2 = 0 (20)
The vanishing of χ12 is expected as, in contrary to sFFL,
here the increase in m2 synthesis does not affect the
sRNA concentration.
In order to see how the response function χ21 changes
with rm1 , we have obtained χ21 numerically using equa-
tions (8) and (12). For an estimate of the contribu-
tion from the direct interaction part (the second term
in χ21 of equation (16)), χ21d, we have plotted χ21d =
m∗2
kcasF1F2
rm1 (1+kcasF1)
2 after substituting the solution for s as
a function of rm1 . Figure 3(a) shows the rate of change
of concentration of m2 with respect to rm1 (i.e. χ21)
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FIG. 3: (a) The response function, χ21 for sFFL plotted
with rm1 , the transcription rate of mRNA, m1. (b) The
response due to the transcriptional interaction between
p1 (the protein product of m1) and m2. Same
parameter values as in figure 2 are used here.
6for different values of rm1 . The presence of the sensitive
region, as discussed before, appears very prominently in
these figures. As figures 3(a) and 3(b) indicate, the con-
tribution of the direct interaction part to χ21, in general,
is quite small compared to the sRNA-mediated part.
C. Effect of sRNA mediated cross-talk on the
target protein concentration
sFFL
sFFLwithσ1 = σ2 = 0
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rm1
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FIG. 4: Variation of target protein expression with the
transcription rate (rm1) of mRNA, m1 for (a) sFFL
with and without cross-talk ( σ1 = σ2 = 0) and for (b)
sRNA-driven cascade network (sCN). Parameter values
are as same as those chosen for figure 2.
In this section, we focus on the influence of sRNA
mediated cross-talk between mRNAs on the target pro-
tein concentration. When there is complete recycling of
sRNA (i.e. σ1 = σ2 = 0), there is no sRNA mediated
cross-talk between the mRNAs since χs1 = χs2 = 0.
Under such conditions, the target protein concentration
increases initially with the transcription rate, rm1 , and
saturates eventually as a consequence of the saturation
kinetics associated with transcriptional activation in m2
synthesis by p1 (see figure 4(a)). In the presence of sRNA
induced cross-talk (i.e. σ1, σ2 6= 0), with the increase in
rm1 , the target protein concentration goes through a peak
followed by a sharp decrease. This happens near the sen-
sitive region where the concentration of free sRNA avail-
able for translational activation of p2 drops down dras-
tically. In the case of sCN (see figure 4(b)), the protein
concentration reaches a saturation value which persists
over the entire range. Thus it appears that as far as
the target protein concentration is concerned, the net-
work performs most efficiently for low concentration of
σs mRNA. This feature may be beneficial for the cell
since σs is a key regulator associated with different types
of stress-response of the cell.
D. Noise Analysis
rs = 1
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FIG. 5: The coefficient of variation for the target
protein in sFFL as a function of rm1 , the synthesis rate
of the intermediate mRNA, m1, for different values of
sRNA synthesis rate, rs. The coefficient of variation is
obtained by finding numerical solutions for necessary
moments using Mathematica (lines without markers).
The parameter values used for this are
γs = γm1 = γm2 = γp1 = γp2 = 0.001,
rm2 = rp1 = rp2 = 0.01, k
+
1 = k
+
2 = 0.1,
k−1 = k
−
2 = 0.05, kc = 0.1 and
κ1 = κ2 = σ1 = σ2 = 0.005. The lines with markers
represent the same found from stochastic simulations
based on the Gillespie algorithm. The details regarding
the reactions and the reaction rates are presented in
appendix D.
The aim of the present section is to find how the sRNA
induced cross-talk influences the noise buffering charac-
teristics of sFFL. We begin with the master equation that
describes how the probability of a given state changes
with time [22]. A state of this system is described by the
numbers of sRNA, two different mRNAs and two differ-
ent protein molecules. The state of the system changes
as the numbers of various molecules change due to pos-
sible reactions taking place at given rates. We introduce
Ps,m1,p1,m2,p2(t) as the probability at time t that the sys-
tem is in a state in which the number of sRNA, mRNA
and protein molecules are s, m1, m2, p1 and p2, respec-
tively. The master equation describing the rate of change
of the probability function with time can be written as
7∂tPs,m1,p1,m2,p2(t) = rs(Ps−1,m1,p1,m2,p2 − Ps,m1,p1,m2,p2) + γs((s+ 1)Ps+1,m1,p1,m2,p2 − sPs,m1,p1,m2,p2)
+ rm1(Ps,m1−1,p1,m2,p2 − Ps,m1,p1,m2,p2) + γm1((m1 + 1)Ps,m1+1,p1,m2,p2 −m1Ps,m1,p1,m2,p2)
+ r′p1 s m1(Ps,m1,p1−1,m2,p2 − Ps,m1,p1,m2,p2) + γp1((p1 + 1)Ps,m1,p1+1,m2,p2 − p1Ps,m1,p1,m2,p2)
+ rm2(p1)(Ps,m1,p1,m2−1,p2 − Ps,m1,p1,m2,p2) + γm2((m2 + 1)Ps,m1,p1,m2+1,p2 −m2Ps,m1,p1,m2,p2)
+ r′p2 s m2 (Ps,m1,p1,m2,p2−1 − Ps,m1,p1,m2,p2) + γp2((p2 + 1)Ps,m1,p1,m2,p2+1 − p2Ps,m1,p1,m2,p2)
+ g1((s+ 1)(m1 + 1)Ps+1,m1+1,p1,m2,p2 − sm1 Ps,m1,p1,m2,p2) + d1 s ((m1 + 1)Ps,m1+1,p1,m2,p2 −m1 Ps,m1,p1,m2,p2)
+ g2((s+ 1)(m2 + 1)Ps+1,m1,p1,m2+1,p2 − sm2 Ps,m1,p1,m2,p2) + d2 s ((m2 + 1)Ps,m1,p1,m2+1,p2 −m2 Ps,m1,p1,m2,p2).
(21)
Here ∂tPs,m1,p1,m2,p2(t) =
∂
∂tPs,m1,p1,m2,p2(t). Various terms on the right hand side of the equation account for
different reactions representing synthesis and degradation of various molecules (see appendix B for details). Here
r′p1 =
rp1k
+
1
k−1 + σ1 + κ1
, r′p2 =
rp2k
+
2
k−2 + σ2 + κ2
, g1 =
k+1 σ1
k−1 + σ1 + κ1
, g2 =
k+2 σ2
k−2 + σ2 + κ2
d1 =
k+1 κ1
k−1 + σ1 + κ1
,
and d2 =
k+2 κ2
k−2 + σ2 + κ2
. (22)
The transcriptional activation of p2 by p1 is taken into account by the Hill function, rm2(p1) =
rm2kc p1
1+kc p1
. For the
present calculation, the Hill function is approximated about the average steady-state density 〈p1〉 as
rm2(p1) = r
0
m2 + r
1
m2p1 where r
0
m2 =
rm2k
2
c 〈p1〉2
(1 + kc 〈p1〉)2
and r1m2 =
rm2kc
(1 + kc 〈p1〉)2
. (23)
Next, we consider the moment generating function
G(z1, z2, z3, z4, z5) =
∑
s,m1,p1,m2,p2
zs1 z
m1
2 z
p1
3 z
m2
4 z
p2
5 Ps,m1,p1,m2,p2 (24)
whose time evolution is described as
∂tG = rs(z1 − 1)G+ γs(1− z1)∂z1G+ rm1(z2 − 1)G+ γm1(1− z2)∂z2G+ r′p1z1z2(z3 − 1)∂2z1z2G+ γp1(1− z3)∂z3G
+ r0m2(z4 − 1)G+ r1m2z3(z4 − 1)∂z3G+ γm2(1− z4)∂z4G+ r′p2z1z4(z5 − 1)∂2z1z4G+ γp2(1− z5)∂z5G
+g1(1− z1z2)∂2z1z2G+ g2(1− z1z4)∂2z1z4G+ d1z1(1− z2)∂2z1z2G+ d2z1(1− z4)∂2z1z4G,
(25)
where ∂ziG =
∂
∂zi
G and ∂2zizjG =
∂2
∂zi∂zj
G.
In the steady state (∂tG = 0), the right hand side of
equation (25) is equated to zero. Various average quan-
tities (moments) can be calculated by differentiating the
resulting steady-state equation with respect to appropri-
ate zi and then considering zi = 1 for all i. The first mo-
ments follow from G as G1 = 〈s〉, G2 = 〈m1〉, G3 = 〈p1〉
etc. where Gi = ∂ziG |{zi}=1 with {zi} = 1 indicating
zi = 1 for all i. The second moments similarly can be
determined from Gij where Gij = ∂2zizjG |{zi}=1. We
are in particular interested in the target protein fluctu-
ation which can be measured through the coefficient of
variation, CVp2 = (G55 + G5 − G25)1/2/G5. The deriva-
tion of the moments G5 and G55 appears to be complex
since the evaluation of a moment of a given order involves
evaluation of various higher order moments. In order to
simplify the derivation, we restrict ourselves up to sec-
ond moments and express the third moments necessary
for this derivation in terms of lower order moments using
Gaussian approximation [23]. The results for moments
up to second order and the approximate forms of the re-
quired third order moments are presented in appendix
B 2.
Moments required for the evaluation of the coefficient
of variation are found numerically using Mathematica.
The coefficient of variation as a function of rm1 for dif-
ferent values of, rs, the sRNA synthesis rate, is shown
in figure 5. It is clear that the fluctuations in the target
protein concentration are minimum over a range of rm1 .
8Interestingly, this minimum region overlaps with the sen-
sitive region shown in figure 2. As rs increases, the sen-
sitive region extends towards larger rm1 . Figure 5 shows
that the minimum fluctuation region also changes accord-
ingly and there is a systematic increase in the fluctuation
beyond this region. In order to see the role of cross-talk
in noise processing characteristics, we have also obtained
the coefficient of variation for the target protein number
for sFFL with σ1 = σ2 = 0 (no cross-talk) and sCN (see
appendix B and C). The coefficients of variation plotted
with rm1 indicate the absence of optimal noise attenua-
tion.
In order to verify the above observations, we obtain
exact results for the coefficient of variation of the tar-
get protein number from stochastic simulations based
on Gillespie algorithm [24, 25]. In simulations, we be-
gin with an initial number of various molecular species.
The key reactions in our simulation include synthesis,
degradation, complex association/dissociation and tran-
scriptional interactions between the DNA and the tran-
scription factor. In stochastic simulations, an event or
a reaction and the interval between two successive reac-
tions are chosen probabilistically. Based on the reaction
that takes place, at each simulation step, the number of
molecular species is updated accordingly. We allow the
system to evolve for 5 × 107 steps and record the tar-
get protein number after every 500 steps leaving about
initial 2 × 105 steps. The coefficient of variation aver-
aged over 100 samples has been presented in figure 5. A
remarkable agreement between results from simulations
and from generating function method further confirms
that maximum noise attenuation in the target protein
level happens over the sensitive region.
Our conclusions on how the target protein concentra-
tion as well as its fluctuations around the mean value
change with rm1 can be summarized through a single
plot shown in figure 6. This plot clearly shows that the
range of rm1 over which the target protein concentration
reaches its maximum also corresponds to the range of
maximum noise attenuation in the target protein level.
Thus it appears that sRNA-mediated cross-talk plays a
subtle role in ensuring that maximal target protein syn-
thesis happens with the least noise in the target protein
level.
III. DISCUSSION
Small noncoding RNAs in bacterial cells are major
regulators driving a number of biological processes such
as stress response, biofilm formation, quorum sensing
etc. under different kinds of environmental signals. It
is commonly found that one species of sRNA can reg-
ulate translation of several species of mRNAs and also
a species of mRNA can be targeted by more than one
species of sRNAs. The complex network formed thereby
is believed to be able to integrate different types of en-
vironmental signals in a unified manner. The regula-
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FIG. 6: Target protein concentration (dashed line)
(normalized with respect to its peak value) and the
coefficient of variation (solid line) plotted with rm1 .
The coefficient of variation is obtained from the analysis
based on generating functions. The parameter values
are same as those used for figure 5. For this figure
rs = 1.
tion here primarily happens through sharing of sRNAs
by several co-regulated mRNA targets. If the concen-
tration of one species of mRNA, say m1 increases, the
sRNAs are expected to bind to m1 predominantly due
to its increased concentration. This leads to an increase
in sRNA-mRNA1 complex (c1) concentration and con-
sequently a lowering of available free sRNAs and an in-
crease in the concentration of other mRNA targets. The
sharing of sRNA thus provides a link between its tar-
get mRNAs leading to an sRNA mediated effective in-
teraction (cross-talk) between the mRNAs. Mostly this
link extends over mRNAs from different networks and
the regulation through sRNA sharing may give rise to the
possibility of integrating biological processes governed by
different networks. In the present work, we are interested
in understanding the effect of sRNA mediated cross-talk
between two species of mRNAs in a network motif com-
prised of feed-forward loop driven by an sRNA. Thus
unlike earlier work, our focus is on the effect of sRNA
sharing on the target protein synthesis in a network mo-
tif.
In the feed-forward loop of our interest, the top-tier
regulator is an sRNA (RprA) that regulates the target
protein (RicI) synthesis along two pathways. While one
pathway involves a direct translational activation of RicI
protein by RprA, the other pathway involves an indi-
rect activation of RicI expression via translational acti-
vation of its transcriptional activator (σs) by RprA. The
sRNA thus translationally activates its two target mR-
NAs, RicI mRNA and σs mRNA. Such an sRNA-driven
feed-forward loop(sFFL) is found to play a significant
role in regulating horizontal gene transfer in Salmonella
enterica when the bacteria is subjected to stress due to
membrane damaging activities of a bactericidal agent,
9bile salt. Since horizontal gene transfer is an energy-
expensive process, inhibiting such processes during stress
conditions might be a preferred strategy for additional
protection of the bacteria. RicI protein participates in
the stress-response activity by interfering with pilus for-
mation which is necessary for bacterial conjugation dur-
ing the process of horizontal gene transfer.
The σs protein which is a transcriptional activator of
RicI is known to be a key stress-response regulator that
responds to various other environmental stress conditions
too. The up-regulation of σs protein, however, does
not necessarily imply an up-regulation of RicI protein.
The design of sFFL ensures that RicI is up-regulated
by combined action along both the paths of sFFL. The
present analysis further shows that as a result of sRNA-
mediated cross-talk, the network also performs most ef-
ficiently when the σs mRNA concentration is low. This
result is concluded from the following observations. If the
synthesis rate of σs mRNA is increased, the concentra-
tion of free sRNA decreases as a consequence of sRNA-
mRNA1 complex formation. Due to reduced availability
of free sRNA molecules for binding, the level of free m2
increases. This effect of cross-talk linking the two species
of mRNAs is more abrupt over a narrow range ofm1 syn-
thesis rate which we refer as a sensitive region. In this
region, a small increase in the synthesis rate gives rise
to a sharp drop in the sRNA concentration along with
a steep rise in the concentrations of the two mRNAs.
As far as the target protein is concerned, it is found
that with the increase in m1 synthesis rate, the target
protein concentration reaches a maximum and then de-
creases sharply as a consequence of a sharp drop in free
sRNA in the sensitive region. Although a large number
ofm2 are synthesized, the translation is less probable due
to less availability of free sRNA molecules near the cen-
tre of the sensitive region. Such variation in the target
protein concentration indicates that the motif performs
most efficiently for low σs synthesis rate. Since σs is a
major stress-response regulator associated with different
kinds of environmental stress, such optimal utilization of
σs mRNA might be a beneficial regulation strategy for
the cell.
The gene expression is intrinsically noisy with noise
originating from the randomness associated with various
molecular interactions. This raises a fundamental ques-
tion as to how cells perform in a robust manner despite
significant variations in the gene expression levels. Re-
cent evidences suggest that the architecture of the reg-
ulatory network determines the effect of gene expression
noise on the target protein level, with some architecture
leading to noise filtering, some leading to noise amplifica-
tion etc. It is believed that the network motifs are evolu-
tionarily selected based on the network architecture that
may lead to such distinct noise processing characteristics.
In view of this knowledge, we attempt to find the inter-
play of cross-talk and gene-expression noise in sFFL and
its implications on fluctuations in the target protein level.
To this end, we use a generating function based method
to obtain the coefficient of variation in the target protein
level. Plotting the coefficient of variation with σs mRNA
synthesis rate, we find that the noise in the target pro-
tein level is minimized over the sensitive region. In par-
ticular, the range over which maximum noise buffering
happens also coincides with the range over which maxi-
mum target protein synthesis can be achieved. These re-
sults are verified through stochastic simulations based on
Gillespie algorithm. Thus, it appears that the network
architecture not only leads to maximum target protein
synthesis under limited σs mRNA concentration, it also
leads to maximal noise buffering while synthesizing the
target protein to its maximum level. All these features
resulting primarily from the sRNA mediated cross-talk
between mRNAs indicate a complex and precise level of
gene regulation through sRNA.
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APPENDIX
Appendix A: sRNA-driven Cascade Network (sCN)
In this section, we consider the sRNA-driven cascade
network (sCN) where sRNA translationally activates pro-
tein p1 which then transcriptionally activates protein p2
(see figure 7(b)). Thus, it is a cascade network where
no sharing of free sRNA takes place. The variation in
concentrations of various components of sCN with time
is as follows,
s˙ = rs − γs s− k+1 sm1 + (k−1 + κ1)c1, (A1)
m˙1 = rm1 − γm1 m1 − k+1 sm1 + k−1 c1, (A2)
c˙1 = k
+
1 m1 s− (k−1 + σ1 + κ1)c1, (A3)
p˙1 = rp1 c1 − γp1 p1, (A4)
m˙2 =
rm2 kc p1
1 + kc p1
− γm2 m2, and (A5)
p˙2 = rp2 m2 − γp2 p2. (A6)
The steady-state concentrations of mRNAsm1 andm2
in terms of functions F1(s) and F2(s) are
m1 = m
∗
1 F1(s), (A7)
m2 =
m∗2 kc a sF1(s)
1 + kc a sF1(s)
where (A8)
m∗1 =
rm1
γm1
, m∗2 =
rm2
γm2
, a =
rp1 k
+
1 m
∗
1
γp1 (k
−
1 +σ1+κ1)
, F1(s) =
1
1+s/s01
and s01 =
γm1
k+1
k−1 +σ1+κ1
σ1+κ1
. In the steady-state,
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FIG. 7: Schematic diagrams for (a) sFFL and (b) sCN
the concentration of sRNA, can be found by solving rs−
γs s−rm1 ζ1 s F1(s) = 0, where ζ1 = k
+
1 σ1
γm1 (k
−
1 +σ1+κ1)
. The
target protein concentration for sCN is p2 =
rp2
γp2
m2 where
m2 is as shown in equation (A8).
Appendix B: Noise analysis for sFFL
1. Equations and notations
The reactions incorporated into the master equation,
equation (21), are based on the following effective equa-
tions.
s˙ = rs − γs s− g1 sm1 − g2 sm2, (B1)
m˙1 = rm1 − γm1 m1 − d1 sm1 − g1 sm1, (B2)
p˙1 = r
′
p1sm1 − γp1 p1, (B3)
m˙2 =
rm2 kc p1
1 + kc p1
− γm2m2 − d2 sm2 − g2 sm2,(B4)
and p˙2 = r
′
p2sm2 − γp2 p2. (B5)
These equations are derived from (2)-(7) by substi-
tuting c1 =
k+1 sm1
k−1 +σ1+κ1
and c2 =
k+2 sm1
k−2 +σ2+κ2
. While
g1 =
k+1 σ1
k−1 +σ1+κ1
and g2 =
k+2 σ2
k−2 +σ2+κ2
correspond
to combined degradation of sRNA and mRNA, d1 =
k+1 κ1
k−1 +σ1+κ1
and d2 =
k+2 κ2
k−2 +σ2+κ2
indicate degrada-
tion of mRNA alone while sRNAs are recycled back. Fur-
ther, here r′p1 =
rp1k
+
1
k−1 +σ1+κ1
and r′p2 =
rp2k
+
2
k−2 +σ2+κ2
.
2. Moments
In this section, we list the results for first and second
order moments obtained from the generating function ap-
proach. The results show that moments of a given order
involve higher order moments. In order to simplify our
calculations, we consider moments up to second order
and express the third order moments in terms of lower
order moments using Gaussian approximation.
G1 =
rs − g1G12 − g2G14
γs
(B6)
G2 =
rm1 − (g1 + d1)G12
γm1
(B7)
G3 =
r′p1G12
γp1
(B8)
G4 =
r0m2 + r
1
m2 G3 − (g2 + d2)G14
γm2
(B9)
G5 =
r′p2G14
γp2
(B10)
G11 =
rsG1 − g1G112 − g2G114
γs
(B11)
G22 =
rm1G2 − (g1 + d1)G122
γm1
(B12)
G33 =
r′p1G123
γp1
(B13)
G44 =
r0m2G4 + r
1
m2G34 − (g2 + d2)G144
γm2
(B14)
G55 =
r′p2G145
γp2
(B15)
G12 =
rsG2+rm1G1−g1(G112+G122)−g2G124−d1G112
γs+γm1+g1+d1
(B16)
G13 =
rsG3+r
′
p1
(G12+G112)−g1G123−g2G134
γs+γp1
(B17)
G14 =
rsG4+r
0
m2
G1+r
1
m2
G13−g1G124−(g2+d2)G114−g2G144
γs+γm2+g2+d2
(B18)
G15 =
rsG5+r
′
p2
(G14+G114)−g1G125−g2G145
γs+γp2
(B19)
G23 =
rm1G3+r
′
p1
(G12+G122)−(g1+d1)G123
γm1+γp1
(B20)
G24 =
rm1G4+r
0
m2
G2+r
1
m2
G23−(g1+g2+d1+d2)G124
γm1+γm2
(B21)
G25 =
rm1G5+r
′
p2
G124−(g1+d1)G125
γm1+γp2
(B22)
G34 =
r′p1G124+r
0
m2
G3+r
1
m2
(G3+G33)−(g2+d2)G134
γp1+γm2
(B23)
G35 =
r′p1G125+r
′
p2
G134
γp1+γp2
(B24)
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Using Gaussian approximation, we express the third or-
der moments in terms of the lower order moments as
shown below.
G112 = G11G2 +G1G2 + 2G1G12 − 2G21G2 −G12
(B25)
G113 = G11G3 +G1G3 + 2G1G13 − 2G21G3 −G13
(B26)
G114 = G11G4 +G1G4 + 2G1G14 − 2G21G4 −G14
(B27)
G122 = G22G1 +G1G2 + 2G2G12 − 2G22G1 −G12
(B28)
G123 = G12G3 +G13G2 +G23G1 − 2G1G2G3 (B29)
G124 = G12G4 +G14G2 +G24G1 − 2G1G2G4 (B30)
G125 = G12G5 +G15G2 +G25G1 − 2G1G2G5 (B31)
G133 = G33G1 +G1G3 + 2G3G13 − 2G23G1 −G13
(B32)
G134 = G13G4 +G14G3 +G34G1 − 2G1G3G4 (B33)
G135 = G13G5 +G15G3 +G35G1 − 2G1G3G5 (B34)
G144 = G44G1 +G1G4 + 2G4G14 − 2G24G1 −G14
(B35)
G145 = G14G5 +G15G4 +G45G1 − 2G1G4G5 (B36)
In order to see the effect of cross-talk, we have plot-
ted the coefficient of variation for the target protein with
rm1 in the main text. In the absence of cross-talk (i.e.
for σ1 = σ2 = 0), the coefficient of variation is signif-
icantly different showing no indication of optimal noise
attenuation (see figure 8).
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FIG. 8: Coefficient of variation for the target protein in
the case of sFFL with σ1 = σ2 = 0. rm1 represents m1
synthesis rate. Here rs = 1 and the other parameter
values are same as those in figure 5.
Appendix C: Noise analysis for sCN
In the case of sCN, we follow the same master equa-
tion approach as done for sFFL. The master equation for
the probability of a given state is based on the following
effective differential equations
s˙ = rs − γs s− g1 sm1, (C1)
m˙1 = rm1 − γm1 m1 − d1 sm1 − g1 sm1, (C2)
p˙1 = r
′
p1sm1 − γp1 p1, (C3)
m˙2 =
rm2 kc p1
1 + kc p1
− γm2 m2, (C4)
p˙2 = rp2 m2 − γp2 p2. (C5)
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FIG. 9: Coefficient of variation for the target protein
plotted with rm1 in sCN. Here rs = 1 and all other
parameter values are same as those in figure 5. Further,
in the case of sCN, k+2 = k
−
2 = σ2 = κ2 = 0.
In figure 9, we plot the coefficient of variation CVp2 =
(G55 + G5 − G25)1/2/G5 with rm1 . No minimum in the
coefficient of variation is found in this case. Here rs = 1
and all other parameter values are same as those in figure
5.
In the following, we present first and second moments
necessary for obtaining the coefficient of variation for
the sRNA-driven cascade network. As before, we use
Gaussian approximation to express the third moments in
terms of various first and second moments.
G1 =
rs − g1G12
γs
(C6)
G2 =
rm1 − (g1 + d1)G12
γm1
(C7)
G3 =
r′p1G12
γp1
(C8)
G4 =
r0m2 + r
1
m2 G3
γm2
(C9)
G5 =
rp2G4
γp2
(C10)
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G11 =
rsG1 − g1G112
γs
(C11)
G22 =
rm1G2 − (g1 + d1)G122
γm1
(C12)
G33 =
r′p1G123
γp1
(C13)
G44 =
r0m2G4 + r
1
m2G34
γm2
(C14)
G55 =
rp2G45
γp2
(C15)
G12 =
rsG2+rm1G1−g1(G112+G122)−d1G112
γs+γm1+g1+d1
(C16)
G13 =
rsG3+r
′
p1
(G12+G112)−g1G123
γs+γp1
(C17)
G14 =
rsG4+r
0
m2
G1+r
1
m2
G13−g1G124
γs+γm2
(C18)
G15 =
rsG5+rp2G14−g1G125
γs+γp2
(C19)
G23 =
rm1G3+r
′
p1
(G12+G122)−(g1+d1)G123
γm1+γp1
(C20)
G24 =
rm1G4+r
0
m2
G2+r
1
m2
G23−(g1+d1)G124
γm1+γm2
(C21)
G25 =
rm1G5+rp2G24−(g1+d1)G125
γm1+γp2
(C22)
G34 =
r′p1G124+r
0
m2
G3+r
1
m2
(G3+G33)
γp1+γm2
(C23)
G35 =
r′p1G125+rp2G34
γp1+γp2
(C24)
G45 =
r0m2
G5+r
1
m2
G35+rp2 (G4+G44)
γm2+γp2
(C25)
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Appendix D: Stochastic simulations
The reactions considered for the stochastic simulations and the corresponding rates are listed below.
φ
rs
γs
s (synthesis and degradation of sRNA; rs = variable, γs = 0.001 (s
−1)) (D1)
φ
rm1
γm1
m1 (synthesis and degradation of mRNA1; rm1 = variable, γm1 = 0.001 (s
−1)) (D2)
m1 + s
k+1
k−1
c1
{
association and dissociation of sRNA-mRNA1 complex;
k+1 = 0.1 (molecules
−1. s−1), k−1 = 0.05 (s
−1).
(D3)
c1
σ1
φ (stoichiometric degradation of sRNA-mRNA1 complex (c1); σ1 = 0.005 (s−1)) (D4)
c1
κ1
s (catalytic degradation of sRNA-mRNA1 complex (c1); κ1 = 0.005 (s−1)) (D5)
c1
rp1
p1 + c1 (translation and synthesis of protein, p1; rp1 = 0.01 (molecules. s
−1)) (D6)
p1
γp1
φ (degradation of protein, p1; γp1 = 0.001 (s
−1)) (D7)
p1 + Gp2
k+c
k−c
G∗p2
{
transcriptional activation of gene synthesising protein,p2;
k+c = 0.2 (molecules
−1. s−1), k−c = 2 (s
−1)
(D8)
G∗p2
rm2 m2 + G∗p2 (synthesis of mRNA2; rm2 = 0.01 (molecules. s
−1)) (D9)
m2 + s
k+2
k−2
c2
{
association and dissociation of sRNA-mRNA2 complex;
k+2 = 0.1 (molecules
−1. s−1), k−2 = 0.05 (s
−1).
(D10)
c2
σ2
φ (stoichiometric degradation of sRNA-mRNA2 complex; σ2 = 0.005 (s−1)) (D11)
c2
κ2
s (catalytic degradation of sRNA-mRNA2 complex; κ2 = 0.005 (s−1)) (D12)
m2
γm2
φ (degradation of mRNA2; γm2 = 0.001 (s
−1)) (D13)
c2
rp2
p2 + c2 (translation and synthesis of protein, p2; rp2 = 0.01 (molecules. s
−1)) (D14)
p2
γp2
φ (degradation of protein, p2; γp2 = 0.001 (s
−1)) (D15)
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